Continuity and
Differentiability

- .N. .. O i zZz
‘TopIC S @n | 5. Ifthe function f defined on 63 by
---------------------------------------- V2cosx -1

T
_ X —
1. Letf(x)= x{%} , for—10 <x < 10, where [¢] denotes the %0 cotx —1 4
X)= b
greatest integer function. Then the number of points of k, x= 4
discontinuity of fis equalto ____. is continuous, then k is equal to:  [April 09,2019 (I)]
[NA Sep. 05,2020 (I)] |
2.  Ifafunction f(x) defined by @ 2 (b) 1 (© 1 (d) ﬁ
2
ae’ +be™, -1<x<1 X
) 6. If f(x)=[x]- [Z}x €R, where [x] denotes the greatest
f(x)=<cx , 1£x<3 .
be continuous for some

integer function, then: [April 09,2019 (I1)]
(a) fis continuous atx=4.

ax?+2cx , 3<x<4

a, b, ce R and f'(0)+ f'(2) =e, then thevalue of ais :
[Sep. 02,2020 (D]

(b) lim fx) exists but lim f(x) does not exist.

x4+ x—4—

(c) Both xlijf‘l_ fixyand M ) exist but are not equal.

1 e x4+
® e’ —3e+13 ®) e? —3e—13 (d) Xlgf‘{ fx) exists but xllﬁh f(x) does not exist.
7. Ifthe function
e a0 e
© e @ T3 fa|m-x|+1,x<5
) SO=\p|x—n|43,x>5
3. Let [#] denote the greatest integer < ¢ and iﬂx[;} =A. is continuous at x = 5, then the value of a — b is:

Then the function, f{x) = [x*] sin(rx) is discontinuous, when [April 09, 2019 (ID]

xis equal to: [Jan. 9,2020 (ID)] @ 2 © ) © B " )
a) —— — =

@ JA+1 b JA+5 n+5 T+5 ¢ s 5

© JA+21 @ JA 8. Letf:[-1,3]—>Rbedefined as

x| +[x], —1<x<1

4.  Ifthe function f'defined on (—l,lj by fo)=1x +‘x , 1<x<2
33 x+[x], 2<x<3,
lloge (ﬁj’ whenx#0 . where [#] denotes the greatest integer less than or equal
So)=1x 1-2x . whenx =0 is continuous, then k to ¢. Then, fis discontinuous at :  [April 08,2019 (I1)]
k (a) only one point (b) only two points
is equal to . [NA Jan. 7, 2020 (ID] (c) only three points (d) four or more points
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9. Letf: R— Rbea function defined as

5, if x<l1
a+bx, if l<x<3
JOY= sk, if 3<x<s
30, if x>5
Then, fis: [Jan 09,2019 (I)]

(a) continuousifa=5andb=35

(b) continuousifa=-5andb=10

(c) continousifa=0andb=>5

(d) not continuous for any values of a and b

10. Ifthe function fdefined as
I k-1
)= ——
S x e¥ -1

x # 0, is continuous at x =0,
then the ordered pair (£, (0)) is equal to?
[Online April 16,2018]

@ G ® G2 (© G% d @D

1
1. Letf(x)={-D>", x>Lx#2

k, x=2
The value of k for which f'is continuous at x =2 is
[Online April 15,2018]
(@) e? () e (¢) e @ 1
12. The value of k for which the function
tan4x
g tanSx’0<x<E .
fx)=19""% ~ iscontinuousatx=—,is:
k+= X = — 2
5 2
[Online April 9,2017]
72 3,2
@5 ®3F  ©5 @
13. Leta,b eR,(a#0).ifthe function fdefined as
2
2 , 0<x<I
a
a , 1<x< \/5
)=, 2
20740 pcxcw
e

is continuous in the interval [0,) , then an ordered pair
(a,b)is: [Online April 10, 2016]

@ (—/2,1-+3) b) (2,-1+3)
© (2,1-43) @ (—v2,1+43)

14.

15.

16.

17.

18.

Let &k be a non—zero real number.
[Online April 11, 2015]

X
(e _1) x#0
in| X |logl1+%
1ffy = 1" k) B T4
12 »¥=0

is a continuous function then the value of k is:

@@ 4 (b) 1 (© 3 (d 2
If the function
V2 +cosx —1
] ———5 . X#m
S (x) = (Tc - x)
k LX=T
is continuous at x = i, then k equals:
[Online April 19,2014]
1
@ 0 b) 5 © 2 @ 7

9) 2
If f(x) is continuous and fl - 25, then

2
. 1—-cos3x
lim f| ———1 i5 equal to:

x—0 X
[Online April 9,2014]

9 2 8
@5 ®F ©0 @y
Consider the function :
fx)=[x]+]1=x]|, —=1< x<3 where [x] is the greatest
integer function.
Statement 1 : fis not continuous at x =0, 1, 2 and 3.

—x, -1<x<0
1-x, 0<x<l1
Statement 2 : f(x)= 14 l<x<?
X, <x
24x, 2<x<Z3
[Online April 25, 2013]

(a) Statement 1 is true ; Statement 2 is false,

(b) Statement 1 is true; Statement 2 is true; Statement 2 is
not correct explanation for Statement 1.

(c) Statement 1 is true; Statement 2 is true; Statement It is
acorrect explanation for Statement 1.

(d) Statement 1 is false; Statement 2 is true.

Let f be a composite function of x defined by

Fl) =) = ——
u”+u— x—1
Then the number of points x where f'is discontinuous is :
[Online April 23,2013]
@@ 4 (b) 3 © 2 (d 1
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19. Letf(x)=—1+|x—2|,andg(x)=1—]x]; then the set of

all points where fog is discontinuous is :

[Online April 22,2013]
(@) {0,2} (b) {0,1,2}
(© {0} (d) an empty set

20. Iff: R —> R is a function defined by f (x) = [x]

2x -1 .
cos ( x2 )Tt, where [x] denotes the greatest integer

function, then f'is .
(a) continuous for every real x.
(b) discontinuous only at x =0

(c) discontinuous only at non-zero integral values of x.

(d) continuous only at x = 0.

21. Let f: [1, 3] > R be a function satisfying

X< (x)S\/6—x, for all x=2 and f (2) = 1,

[

where R is the set of all real numbers and [x] denotes the

largest integer less than or equal to x.

Statement 1: lim f (x) exists. [Online May 19,2012]

x—2"
Statement 2: fis continuous at x =2.

(a) Statement 1 is true, Statement 2 is true, Statement 2 is

a correct explanation for Statement 1.
(b) Statement 1 is false, Statement 2 is true.

(c) Statement 1 is true, Statement 2 is true, Statement 2 is

nota correct explanation for Statement 1.
(d) Statement 1 istrue, Statement 2 is false.

22. Statement 1: A function f: R — R is continuous at x, ifand

onlyif lim f(x)existsand lim f(x)= f(x)
X—=>X0

X—>X(

Statement 2: A function f: R — R is discontinuous at x, if

andonlyif, lim f(x) existsand lim f(x)= f(x).
XX XX

0

[Online May 12, 2012]
(a) Statement 1 is true, Statement 2 is true, Statement 2 is

not a correct explanation of Statement 1.
(b) Statement 1 is false, Statement 2 is true.

(c) Statement 1 is true, Statement 2 is true, Statement 2 is

a correct explanation of Statement 1.
(d) Statement 1 istrue, Statement 2 is false.
23. Define f'(x) as the product of two real functions

[2011RS]

sinl if x#0
filx)=x,xeRand f, (x)=1 x’
0, if x=0
as follows :
AL, i x=0

0

f(x)={ .
ifx=0
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24.

25.

26.

27.

Statement - 1 : f(x) is continuous on R.
Statement -2 : f; (x) and f; () are continuous on R.
(a) Statement -1 is true, Statement-2 is true; Statement-2

is a correct explanation for Statement-1.

(b) Statement-1 is true, Statement-2 is true; Statement-2 is
NOT a correct explanation for Statement-1

(c) Statement-1 istrue, Statement-2 is false
(d) Statement-1 is false, Statement-2 is true
The values of p and ¢ for which the function [2011]

sin(p+1)x+sinx
— X

<0
X

f(x)=1q ,x=0 is continuous for all x in R,

—M x>0

272 ’

are

5 1 Y _ 3 1
(a) p_zvq_z () p_ zvq_z

13 q 13
(C) p_25q_2 () p_zaq_ 2
The function f: R/{0} > R given by [2007]

. 1 2

X)=—-

S@ =1
can be made continuous at x = 0 by defining /(0) as
@ 0 (b) 1
(© 2 (d -1
I-tanx T b
= S XFE—, 0,_ .

Let /(0= " 4x{ 2}

s Y
If £ (x) is continuous in [0, E}Jhen S [Zj is  [2004]

@ -1 ) 5
1 a1
© -3 @
fis definedin [-5, 5] as [2002]

f(x)=xifxisrational
=—xifxisirrational. Then
(a) f(x)is continuous at every x, exceptx =0
(b) f(x)is discontinuous at every x, except x =0
(c) f(x) is continuous everywhere

(d) f(x) is discontinuous everywhere
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{' TOPI CE Differentiability 3 ‘ 34. Letfand g be differentiable functions on R such that fog
S W] < is the identity function. If for some a, b € R, g’ (a)=5and
28. Letf:R— R beafunction defined by f(x)=max {x, x*}. Let 2(a)=b, then /" (b)is equal to: [Jan. 9, 2020 (ID)]
S denote the set of all points in R, where f is not
differentiable. Then: [Sep. 06, 2020 (I1)] (@) % ®) 1 (© 5 (d) %
@ (0.1 () (0} , ,
(© ¢ (an empty set) @ {1 35. Let S be the set of all functions f: [0,1] — R, which are
29. Ifthe function /() ky (x— n)2 -L XST g twice dife continuous on [0, 1] and differentiable on (0,1). Then for
: ky cos x, x> . . .
ferentiable, then the rdered pair (ky, k) is equal to: every fin S, there exists a c € (0,1), depending on £, such
[Sep. 05,2020 (I)] that: [Jan. 8, 2020 (IT)]
( 1 1) b (L0 @ [fo-fOl<d=olf ")
@ |5 ®) (1,0) -t
(b) RV =f"(c)
1
© (5’—@ @ @D © Lf@+/MI<d+a)) )
30. Let/ beatwice differentiable function on (1, 6). Iff(2) =8, @ f©-fI<If @)
7'(2)=5,/'(x) >1 and f"(x)>4, forall xe(l, 6), then: 36. Let the function, f: [-7, 0] — R be continuous on [ -7, 0]
[Sep. 04,2020 (D] and differentiable on (-7, 0). If{-7)=-3 and f ' (x) d” 2, for
@ fO)+f)=26 (®) fO)+/(5)=28 all xe (7, 0), then for all such functions £, f'(—1)+ {0) lies
© fO+/G)<20 (@ f)<10 in the interval: [Jan. 7,2020 (I)]
31. Suppose a differentiable function f'(x) satisfies the identity
2.2 @) (==,20] (b) [3,11]
f(x+y)=f(x)+f(y)+xy” +x"y, forallreal xand y. If
1) () (=oo,11] (d) [-6,20]
lim=—== =1, then f(3) i 1t
pare) X > thenf(3) is equal to 37. Let S be the set of points where the function,
[NA Sep. 04,2020 (I)]
fx)=2—|x—3||, x€ R, is not differentiable.
L -1
S Htan X [ xis] Then 3 fif(x))isequal to [NA Jan. 7, 2020 (I)]
32. The function f(x)= xeS$
5(\x|—1) x 1 sin(p +1)x+sinx
is: [Sep. 04,2020 (IT)] E—E A
(a) continuous on R— {1} and differentiable on 38, Iff(x)= q x=0
R-{-1,1}. N
(b) both continuous and differentiable on R— {1}. X+X —NX x>0
(c) continuous on R — {—1} and differentiable on x?
R-{-1, 1‘}' ) ) is continuous at x =0, then the ordered pair (p, q) is equal to:
(d) both continuous and differentiable on R — {—1}. [April 10, 2019 (D)]
sin(a+2)x+sinx 3.1 13
———— ; ¥<0 (@) ( >3 ® (35
33. If f(x)= 2b1/3 , ; x=0 31 51
(x+3x 2/3 —-X C x>0 (C) 2’2 (d) 2’2
* 39. Letflx)=log, (sinx), (0 <x<m)and g(x) =sin"' (™), (x>0).
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is continuous at x = 0, then @ + 2b is equal to:
[Jan. 9,2020 (D]

@) 1 (b) -1 © 0 @ -2

If a is a positive real number such that a = (fog)’ (o) and
b=(fog) (o), then: [April 10,2019 (I1)]
(@) ac’+ba+a=0 (b) ac’—ba—a=1

() ac®>—ba—a=0 (d) ao?+ba—a=-2a?
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40.

41.

42.

43.

44.

45.

46.

47.
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Let f: R — R be differentiable at c € R and f(c) = 0. If
g(x)= |f(x)| ,thenatx=c, gis: [April 10,2019 (D]

(a) not differentiable iff'(c)=0

(b) differentiable iff"(c) =0

(c) differentiableif f'(c)=0 48.
(d) not differentiable

Let fix) = 15—|x— 10[; x € R. Then the set ofall values of x,

at which the function, g(x) = f (f(x)) is not

differentiable, is: [April 09,2019 (I)]

(@ {5,10,15} (b) {10,15}

(¢) {5,10,15,20} (d) {10}

I£/(1)=1,f(1)=3, then the derivative of 49.
FEF)) +(f(x)atx=11s: [April 08,2019 (II)]

(@ 33 (b) 12 (© 15 d 9

Let f be a differentiable function such that f{1) = 2 and 50.

S (x)=f(x)forallxe R.Ifh (x)=f(f(x)), then 4’ (1) is equal

to: [Jan. 12,2019 (ID)]
(@) 2¢? (b) 4e (©) 2e (d) 4e?
f( ) -1, -2<x<0 q
X)= an
Let Wol 0<x<2 S

2(x)=[f(x)| + f(x|). Then, in the interval (-2, 2), gis :
[Jan. 11,2019 ()]
(a) differentiable at all points
(b) not continuous
(c) not differentiable at two points
(d) not differentiable at one point

d
If xlog, (log, x)-x* +y* =4(y > 0),then —i atx=eis

equal to: [Jan. la;, 2019 ()]
(1+2e) (2¢-1) 52.
SR e B v
(1+2e) e

O Vo @ e

Let K be the set of all real values of x where the function
f(x)=sin|x|—]|x|+2 (x—m)cos|x]isnot differentiable.

Then the set K is equal to : [Jan. 11,2019 (II)]
(@) ¢ (an empty set) (b) {m} 53
© {0} (d {0,7m} .

max {|x|, x>} |x|<2
Let/=1 g_21x|, 2<|x|<4

Let S be the set of points in the interval (— 4, 4) at which f
is not differentiable. Then S: [Jan 10,2019 (I)]

(a) is an empty set
(b) equals {-2,-1,0,1,2}
(c) equals {-2,—1,1,2}

(d) equals {-2,2}
Letf: (— 1, 1) > R be a function defined by f'(x) = max

{—|x\,—«/1—x2 } IfK be the set of all points at which f

is not differentiable, then K has exactly:

[Jan. 10,2019 (ID)]
(a) five elements (b) oneelement
(c) threeelements (d) two elements

Let S = {teR:f(x)=x—mn|@EX-1)sin|x| is not

differentiable at t}. Then the set S is equal to : [2018]
(@ {0} (b) {m
(© {0,m} (d) ¢ (an empty set)

LetS={(A, n) € Rx R:f(6)=(Mel—p). sin Q))), ¢ € R, is
a differentiable function}. Then S is a subest of?

[Online April 15,2018]
(@) Rx[0,0) (®) (—0,0)xR
(¢) [0,0) xR (d) R x(-0,0)
If the function
—X, x <1

fix) = a+cos_l(x+b), l<x<2 8 differentiable at
x=1, then % isequal to: [Online April 9,2016]

m+2 n—2
@ — ®)

-n—2
© (d) -1 —cos71(2)

Ifthe function.

kvx+1, 0<x<3
g(x) =

mx+2, 3<x<5 is differentiable, then the

value ofk + mis : [2015]
10

@ > (b) 4
2 d) 16

© @ ~

Let f: R — R be a function such that | £ (x)|< x2, for all

x €R . Then, atx=0, fis: [Online April 19,2014]
(a) continuous but not differentiable.

(b) continuous as well as differentiable.

(c) neither continuous nor differentiable.

(d) differentiable but not continuous.
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54. Let f, g2 R > R be two functions defined by

xsin[lj,x #0
f(x): X ,and g(x) =x f(x)

0, ,X =

Statement I: /" is a continuous function at x =0.
Statement II: g is a differentiable function at x =0.
[Online April 12,2014]
(a) Both statement I and II are false.
(b) Both statement I and IT are true.
(c) Statement I is true, statement II is false.
(d) StatementI is false, statement II is true.
55. Consider the function, f(x)=|x—-2| +|x-5|,x € R.
Statement-1:/'(4)=0
Statement-2 : fis continuous in [2,5], differentiable in (2,5)
and 1 (2)=£(5). [2012]
(a) Statement-1 is false, Statement-2 is true.
(b) Statement-1 is true, statement-2 is true; statement-2 is
a correct explanation for Statement-1.
(c) Statement-1 is true, statement-2 is true; statement-2 is
not a correct explanation for Statement-1.
(d) Statement-1 is true, statement-2 is false.
56. If fix) = a |sinx| + beM + c|x|?, where a, b, ¢ R, is
differentiable at x =0, then [Online May 26, 2012]
(@) a=0,bandc areanyreal numbers
(b) ¢=0,a=0, bisanyreal number
(¢) b=0,c=0,aisanyreal number
(d) a=0,b=0, cisanyreal number
57. Ifx+|y|=2y,theny asa function of x,atx=01is
[Online May 7,2012]
(a) differentiable but not continuous
(b) continuous but not differentiable
(c) continuous as well as differentiable
(d) neither continuous nor differentiable
58. Iffunction f(x) is differentiable at x = a,

lim X/ (@)=’ f(x)

xX—a

then is: [2011RS]

®) af(a)-a*f(a)
@ 2afla)+df(a)

@ -a’f'(a)
(o) 2af(a) —azf'(a)

(xfl)sinLifx;tl
x—1

59. Letf(x)= [2008]

0 ifx=1

Then which one of the following is true?

(a) fisneither differentiable at x =0 nor at x=1
(b) fis differentiable at x=0 and at x=1

(c) fis differentiable atx=0but notatx=1
(d) fis differentiable at x =1 but notatx=0

60. Let f:R— R bea function defined by

f(@)=min {x+1,|x|+1} , Then which ofthe following is true?

(a) f(x)isdifferentiable everywhere [2007]

(b) f(x)isnot differentiableat x =0

(¢) f(x) > 1forall x €R
(d) f(x)isnot differentiableatx =1

X
61. The set of points where ./ (x) = il is differentiable is

+| x|
[2006]
@ (-2,0)w(0,0) (b) (=0, =D u(=1,0)
(© (=o0,0) (d) (0,0)
62. If f'is a real valued differentiable function satisfying

/@) =/G) £ (x=p)*,x,y € Rand/(0)=0, then /(1)

equals [2005]
@ -1 (b) 0
(© 2 @ 1

63. Suppose f (x) is differentiable at x = 1 and

1
lim — f(1+Ah)=5,then f'(1) equals [2005]
h—0h
@ 3 (b) 4 © 5 d o
(1 1)
) i
64. If f(x)=qxe W ¥ x%0 thenf(x) is
0 ,x=0
(a) discontinuous every where [2003]

(b) continuous as well as differentiable for all x
(c) continuous for all x but not differentiable at x =0
(d) neither differentiable nor continuous atx =0

y Chain Rule of Differentiation,

i Differentiation of Explicit & Implicit
i Functions, Parametric & Composite
' TOPIC Functions, Logarithmic & Exponential
! Functions, Inverse Functions,

l\‘ Differentiation by Trigonometric

Substitution

Vi+x% -1

X

65. The derivative of tan"l{ J with respect to

1-2x2

tan~! [Zx\/ 1-x2

J at x = % is:  [Sep. 05,2020 (IT)]

243 3 243 3
@) Tf (b) % © Tf ) %
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69.

70.

71.

72.

Continuity and Differentiability M-315
If (a +~2bcos x)(a—~/2bcos y) = a* — b2, wherea>b>0, 2 1
( X ) @1 ®5  ©5 @2
then & at (f, fj is [Sep. 04, 2020 ()] 5
dy \4 4 1 V3cosx +sinx T dy
73 If2p=|cot | == —||  xe| 0 | then —
a—2b a—b a+b 2a+b cosx—+/3sinx dx
@ > (b) 5 ©_— @ 50 h . )
+ a+ a a-— is equal to : [April 08, 2019 ()]
6 b b T b
Ify:Z:kcos_1 {%coskx—%sinkx}, then d—i atx=01s (@) g—x (b) x- g (© E—x (d) 2x- 5
= 74. LetSbetheset ofall points in (— 7, 7 ) at which the function
S— [NA Sep. 02,2020 (ID] f(x) = min {sinx, cosx} is not differentiable. Then S is a
Ifx = 2sin® —sin20 and y = 2cos0 — cos20, 0 € [0, 2x], then subset of which of the following? [Jan. 12,2019 ()]
Fe T o 3 mimzm
d—f atf=ris: [Jan. 9,2020 (IT)] @ 173" O\ T
by
3 3 3 3 _z mm=xm 3z zzim
@73 -5 ©3 @ -5 © V242 DU
. 2 _ 2dy
I+tan” o sin” o 4
equal to: [Jan. 12,2019 (I)]
dy 5t xlog,2x—log, 2
Tt s [Jan. 7, 2020 ()] (a) % (b) log,2x
4 1 xlog,2x+log, 2
(@) 4 ®) 3 © 4 @ — © — (@ xlog,2x
Let y = y(x) be a function of x satisfying 76. Letf: R— Rbea function such that
F)=x+x(1)+x"(2) +f""(3), xeR. Then f(2) equals:
Wl=x* = k- xy/l—y* where k is a constant and [Jan 10,2019 (D]
a) —4 b) 30 c) -2 d) 8
| . o1 @ (b) © (d)
y| = |=——. Then i atx= s equal to: 2y
2 4 77. Ifx=3tan tand y=3 sect, then the value of —5 at
[Jan. 7, 2020 (II)] dx
b
NG NG 2 NG t=—, is: [Jan. 09,2019 (ID)]
X2 ) = — J) = 4
@ - ® -2 ©F @ 1 1 . 1
a) —= (b)) —= ) —— d —
[dydzy ()3x/§ ()6\/5 ()2\/5 ()6
If &’ + xy = e, the ordered pair a2 | atx= 0is
d - -
T 78, Tfx =2 " and y= V2 (t]2 1), then ¥ is
equal to: [April 12,2019 (I)] dx
L - equal to. [Online April 16, 2018]
_7__ __9_ 'x
® ( ezj ®) ( e er @2 ©-= ©-> @@=
X X y y
11 11 cosx x 1
© [-3—2] @ (--’——2] :
¢e ¢ e 79. Iff(x)=|2sinx x*> 2x|,then lim S ®
x—0 X
o tan_l[sinx—cosxj ) X tanx x 1
The derivative of Sinxtcost )’ with respect to > [Online April 15,2018]
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[April 12, 2019 (ID)]

b1
where (x € (O’ED is:

(a) Existsandisequal to—2
(b) Does not exist

(c) Existandisequalto0
(d) Existsand is equal to 2
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Iff(x)= sin”! 2x3 , then f’(—l] equals.
1+9° 2

[Online April 15, 2018]
(b) —3log, 3
d +3log,3

(@ 3log,\3
(© —+3log,3

2

If x2 + y2 + sin y = 4, then the value of d 2y at the point
(~2,0) is [Online April 15, 2018]
(@ -34 (b -32 () -2 @@ 4
1 Wl \
If for x e[o, —j , the derivative of tan~ L 6xv/x
4 1-9x°
x/;g(x) , then g(x) equals : [2017]
3 b 9
@ o ®) o
3xvx d 3x
© 1550 @ 100
Forx e R, f{x)=|log2 —sinx| and g(x) = f(f(x)), then :
[2016]

(a) g'(0)=—cos(log2)

(b) gis differentiable at x =0 and g'(0) =—sin(log2)
(c) gisnot differentiableat x =0

(d) g'(0)=cos(log2)

1
If f(x)=x2—x+5, x> 5 and g(x) is its inverse function,
then g'(7) equals: [Online April 12,2014]
1L [ |
@-3 O35 ©35 @5
_1 dy .
Ify = sec(tan™"x), then i atx=1lisequalto: [2013]
L g q
@ 75 ©®3 (© 1 @ 2
22
If the curves —— +y7 =1 and y* = 16x intersect at right
o
angles, then a value of o is : [Online April 23,2013]
4 1 3
@@ 2 (b) — () — d =
3 2 4

For a>0, te( ] let x=Va"™ K and y=\a® t

2
Then, 1+ (%j equals : [Online April 22, 2013]
X

88.

89.

90.

91.

92.

93.

9.

95s.

2 2 2 2 2 2
+ +

@5 O©5 050
y X y X

2

Let /(x) = xxz

Y s 0,-2 . Then i[f_1 (x)] (wherever
+2x dx

it is defined) is equal to : [Online April 9, 2013]
-1 3
@ —— (b) ——
(1-x) (1-x)
1 -3
© (d
(1-x)° (1-x)°

2x+3
3-2
[Online May 12, 2012]

Iff'(x)=sin (logx)and y = f [ j then Zy equals

(a) sin {log [§ ;3]}

12
® (3-2x)°

12 .
© (3 - 2x)2

12 2x+3
(d) m cos {log [3 — ZX):|
Letf: (-1, 1) > R be a differentiable function with f(0)=—
Landf"(0)=1. Let g(x)=[f(2f(x) + 2)]*. Then g'(0) =

[2010]
@@ 4 (b) 0 (© 2 (d 4
Let y be an implicit function of x defined by
2 _2x* cot y — 1= 0. Then y'(1) equals [2009]
(@ 1 (b) log2 (¢) -log2 (d) -1
If ¥ )" = (x+ )", then 2 is 2006]
dx
Y X
@= I 9w @@=
X Xy y
-+-tooo d
Ifx=erte’” ,x>0, then s [2004]
dx
1+x 1 1-x
@ — b - © — @
X X b I+x

Let f(x) be a polynomial function of second degree.
Iff(1)=A-1)and a,b,c areinA.P,then f'(a), f' (D), f'(c)
arein [2003]
(a) Arithmetic -Geometric Progression

(b) AP

(© G.P

(d) HP.

If f(x+y)=7(x).f(y)Vx.yandf(5)=2,

£10)=3, then /' (5)is
@ 0 (b) 1

[2002]

(© 6 d 2
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Differentiation of Infinite Series,
Successive Differentiation, nth
Derivative of Some Standard

: TOPIC Functions, Leibnitz’s Theorem,
Rolle’s Theorem, Lagrange’s Mean
) Value Theorem
96. For all twice differentiable functios f : R—>R, with

97.

98.

99.

100.

101.

Get More

AO)=AD=£(0)=0 [Sep. 06, 2020 (IT)]
(@ f"(x)=0atevery point x e (0,1)

(b) f"(x)=0, for some x e (0,1)

(© f"0)=0

(d) f"(x)=0, at everypoint x € (0,1)

If y* +log,(cos’ x) = y, x € [—E —J, then :

T
272
[Sep. 03,2020 ()]
@@ »"(0)=0 ®) [Y'O)[+]y"O) =1
© [y'(O)f=2 D YO [+][y"O)[=3

If ¢ is a point at which Rolle’s theorem holds for the

2
X" +a

function, f(x)=log, (
7x

] in the interval [3, 4], where

o € R, then f”(c) is equal to: [Jan. 8,2020 (I)]

NE

I LB
-5 ®5 @ @

1
Let x¥+ y¥=d*, (a, k> 0) and ﬂ+(zj3 =0, then k is:
dx \x

[Jan. 7,2020 ()]

3 4 LI
@5 ®F ©3F @ s

The value of ¢ in the Lagrange’s mean value theorem for
the function f{x) = x3—4x>+8x+ 11, when x € [0,1]is:

[Jan.7,2020 (ID)]

4-5 4-17
@ —— ® —

2 J7-2
© 3 @ —

1 1 2
If 2x=y5+y 5 =and (- 1) d—2y+xx@+ky -0,
dx a'x

then ) +k isequal to: [Online April 9,2017]

@ -23  (b) -24  (c) 26 d) -26

Learning Materials Here: &

102.

103.

104.

10S.

106.

107.

108.

Let fbe a polynomial function such that f (3x) =f"' (x), f"
(x), forallx € R. Then : [Online April 9, 2017]
(@) f(b)+f'(b)=28

(b) f"(b)—f'(b)=0

(©) f"(b)—f'(b)=4

@) f(b)—f'(b)+f"(b)=10

15 15
If y = [er\/xzfl} +|:X7VX2*1} 5 then

2

x%- 1)% + x% is equal to [Online April 8,2017]
X

(@ 12y (b)) 224)% () 2252 (d) 225y

If Rolle’s theorem holds for the function £ (x) 2x3 + bx?

1
+cx,x € [-1, 1], at the point x = 5 ,then 2b+ ¢ equals:

[Online April 10, 2015]
(@ -3 (b) -1 (© 2 @1
If fand g are differentiable functions in [0, 1] satisfying
f(0)=2=g(1),2(0)=0 and (1) =6, then for some ¢ €]0,1[
[2014]
@ f)=g'(0 (b) f'(c)=2¢g'(c)
© 2f'(c)=g'(0) (d) 2f"(c)=3g'(c)
Let f{x) =xx], g(x) = sin x and h(x) = (gof) (x). Then
[Online April 11,2014]
(a) h(x)isnot differentiable atx = 0.
(b) h(x)is differentiable at x =0, but h'(x) is not continuous
atx=0
(c) h'(x)is continuous atx =0 but it is not differentiable at
x=0
(d) h'(x)is differentiable at x =0
Letfori=1,2, 3, p;,(x) be a polynomial of degree 2 in x, p',(x)
and p"{(x) be the first and second order derivatives of p;(x)
respectively. Let,

and B(x) =[A(X)]T A(x). Then determinant of B(x):
[Online April 11, 2014]

(a) isa polynomial of degree 6 in x.

(b) isa polynomial of degree 3 in x.

(c) isapolynomial of degree?2 in x.

(d) does not depend on x.

If the Rolle’s theorem holds for the function

fix) = 2x3 + ax? + bx in the interval [ 1, 1] for the point

1
c= 5 then the value of 2a + bis: [Online April 9,2014]

@ 1 (b) —1 © 2 (d -2

@ www.studentbro.in



mM-318
109.

110.

111.

112.

113.
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If f(x) =sin (sin x) and f"(x)+ tan x f”(x) + g(x) =0, then
gx)is: [Online April 23, 2013]
(@) cos?x cos (sin x) (b) sin®x cos (cos x)
(c) sin2x sin (cos x) (d) cos? x sin (sin x)
Consider a quadratic equation ax? + bx + ¢ = 0, where
3 2
X x
2a+3b+6¢=0andlet g(x) = a+b—tex,

[Online May 19, 2012]
Statement 1: The quadratic equation has at least one root
in the interval (0, 1).
Statement 2: The Rolle’s theorem is applicable to function
g(x) on the interval [0, 1].
(a) Statement 1 is false, Statement 2 is true.
(b) Statement 1 is true, Statement 2 is false.
(c) Statement 1 is true, Statement 2 is true, Statement 2 is
not a correct explanation for Statement 1.
(d) Statement 1 is true, Statement 2 is true, , Statement 2 is
a correct explanation for Statement 1.
d’x
dy_2 equals :

@ |2 ) | 2
d*y ()~ dyY
© |t la) @

Letf(x)=x|x|and g (x)=sinx.

Statement-1 : gof'is differentiable at x = 0 and its derivative

is continuous at that point.

Statement-2 : gofis twice differentiable at x=0. [2009]

(a) Statement-1 is true, Statement-2 is true; Statement-2 is
not a correct explanation for Statement-1.

(b) Statement-1 is true, Statement-2 is false.

(c) Statement-1 is false, Statement-2 is true.

(d) Statement-1 is true, Statement-2 is true; Statement-2 is
a correct explanation for Statement-1.

A value of ¢ for which conclusion of Mean Value Theorem

holds for the function f(x) = log, x on the interval [1, 3] is

[2007]

[2011]

1
(@) logse (b) log3 (© 2logse (d) 510g3e

114.

115.

116.

117.

118.

119.

120.

Let f'be differentiable for all x. If /(1) =—2 and
f'(x) = 2forx € [1, 6], then [2005]

(@) f(6) 2 8(b) f(6)<8 (0) f(6)<5 (d) f(6)=5

If the equation a,x" +a, (x" "'+ .ovvvvve... +a;x =0

a; # 0,n = 2, hasa positive root x = @ , then the equation

nxn_1 +(n-1)a,1x

root, which is

(a) greater than a

(b) smaller than o

(c) greater than or equal to o
(d) equalto a

n-2 i

na,x’  +m-1)a,_1x° “+...... + a; =0 has a positive

[2005]

If 2a+3b+6¢ =0, then at least one root of the equation

ax? +bx +c = 0 lies in the interval [2004]
@ 13 b .2 © 23 @ 0D
If f(x)=x",then the value of [2003]

SO0, G0
I 2 3 !

(@1 (b) o () 2"-1 (o
Let f(a)=g(a) =k andtheir nth derivatives

AU

f"(a),g" (a) exist and are not equal for some n. Further
if
lim S(@)g(x) - f(a)-ga) f(x)+ f(a) _ 4

x—a g(x)—f(x)
then the value of kis [2003]
(@0 ®4 (©2 @1

d’y  d
Ify=(x+ 1+ x* )", then (1 +x2)dx—2y+xd—z is [2002]

@ ny () -ry (0 (d) 2x%
If2a+3b+6¢=0,(a, b, c € R) then the quadratic equation
ax?+ bx+c=0has [2002]
(a) atleastonerootin [0, 1]

(b) atleast onerootin [2, 3]

(c) atleastonerootin [4,5]

(d) None of these
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1. (8) Weknow [x] discontinuous for x € Z

X
f(x)= X[E} may be discontinuous where % is an
integer.
So, points of discontinuity are,
x=%42,+4,+6, £8 and 0
butatx =0
lim f(x)=0= f(0)= lim f(x)
x—0" x—0"

So, f(x) will be discontinuous at x ==+2, +4, 6 and £8.
2. () Since, function f(x) is continuousatx=1, 3

LS =70
=ae+bel =¢ .(1)
fB3=r3
=9¢=9+6¢c=c=3a ..(ii)
From (i) and (ii),
b=ae(3-e) ...(iii)
ae* —be™ —-l<x<l1
f'(x)= 2¢x l<x<3
2ax+2¢c 3<x<4

SO =a=b, f'(2)=4c
Given, ['(0)+ f'(2)=e

a-b+4c=e «(1v)
From egs. (i), (ii), (iii) and (iv),

a-3ae+ae’ +12a=¢

=13a-3ae+ae’ =e

e
=a=—
e” —3e+13
3. (@ limx[i}:A = lim){i—{iH—A
x—0 | X x>0 | X X

= lim4—x{i}:A = 4-0=A

x—0 X

As, f(x) = [x*]sin(mx) will be discontinuous at non-integers

And, when x=+4+1 = x=\/§,
which is not an integer.

Hence, f* (x) is discontinuous when x is equal to VA +1

_ Hints & Solutions

4.

., (1 1+ 3x
® il Lni )

_ hm(ln(l+3x) B ln(1—2x)j

x—0 X X
. (3111(1 +3x) 2In(l- 2x)j
x—0 3x —2x
=3+2=5

fix) will be continuous
k= £(0)=lim f(x) =5
x—0

() Since, f(x) is continuous, then

lim /() (x
oy =/ (Z)

. «/Ecosx—l
lim —————=
n cotx—1

4

k

X—>

Now by L- hospital’s rule

1
| ﬁ(—j
lim *Esmzx:k: ‘/g —k sk=at
x%%cosec X (\/E) 2

@ LHL lim ([x]_BD:3_0:3

x—4"
RHL. lim [x]—[f}—4—1—3
e L4

7(4) :[4]—[%} =4-1=3
-» LHL=f(4)=RHL

. f(x) is continuous at x = 4

T x5t

£(5)=LHL. xinsl’ a|(7'c x)| +l=a(5-m)+1
-+ function is continuous at x =5
.. LHL=RHL
5-mb+3=5-m)a+1l
2
5-m

=2=(a-b)(5-m)=> a-b=
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8.

10.

(¢) Given function is,

|x|+Hx], -1<x<l1

fx)= x+|x|, 1<x<2
x+[x], 2<x<3
—-x—-1, -1<x<0
X, 0<x<l1

=<2x, 1<x<2

x+2, 2<x<3
6, x=3

=/1)=0,/(-1)=0;
S(0)=-1,1(0)=0,/(0")=0;
S)=Lf1)=2,/1)=2
f(2)=4.1(2)=4./(2)=4

f3)=5,/3)=6

f(x) is discontinuous at x = {0, 1, 3}

Hence, f'(x) is discontinuous at only three points.
(d) Let f{x) is continuous atx = 1, then
S)=AD)=AT)

= 5=a+b (1)

Let f(x) is continuous at x = 3, then
JfB)=A3)=A3")

= a+3b=b+15 ..(2)

Let f{x) is continuous at x = 5, then
S5)=£5)=A5"

= b+25=30

= b=30-25=5

From(1),a=0

But a =0, b =5 do not satisfy equation (2)
Hence, f(x) is not continuous for any values of @ and b
(@) Ifthe function is continuous at x = 0, then

lir‘r}) f(x) will existand f(0)= lin}] f(x)

Now, lim f(x) = lim (l— 1;—1 ]
x—0 x>0 x et =1
(e —1—kx+x
= lim B N
=0 (x) (e 1) ]

i 2 3
[1+2x+(2x)+(2x)+..)—1—loc+x
2! 3!

= lim

o (x) [[1 +2x+ (20)? + (20)° +...J— 1]
2! 3!

[ 2 3
Gokyx+ 2 80
_ lim 21 31

x—0 3 3
[sz +4x+8x+...]
2! 3!

Get More Learning Materials Here: &

11.

12.

13.

For the limit to exist, power of x in the numerator should be
greater than or equal to the power of x in the denominator.
Therefore, coefficient of x in numerator is equal to zero
= 3-k=0

= k=3

So the limit reduces to

(x%) (i By j

lim 2! 3!
)Ho(xz) 2+4—x+g+
20 3!
4 8
i 20 3] 1
x>0 4x  8x*
Sty
2! 3!

Hence, f(0)=1
(¢) Since f(x) is continuous at x = 2.

o lim /()= £(2)

1

= lim(x-1)>* =k (1" form)
x—2
sel=k
. .ox=2
where /= lim (x—-1-1)x = lim
x—2 2-x x>22-Xx
=
= lim
x—2 x—2
= k=¢!
© 0 /(=1 (7/2)
3
= k+2/5=1:k:1—§ = k:g
2x% 2b* —4b
a a x3
() { { }
0 1 2

Continuityat x =1
2
S —a=a= 2

Continuityatx= /2 a= 2

)
a 2\/5
Puta= .2

2=0p2-2b =bH-2b-2=0

po 2EN4HA2 i3

2

So, (a,b)= (\2,1-/3)
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14. (¢) Since f(x) is a continuous function therefore limit of 4 (1)
f(x) at x — 0 = value of f(x) at 0. = lim| ———
5 9x 2 x>0 sin? 37)6
X —

- lim f(x) = lim—€ D7 2

x—0 x>0 . (x X (3)()

sin| — |log| 1+~ =
k 4 2
2 liml i
xziex—lj ] {limwzl}
X 9 . 2 3x x>0 X

I X sm” —
= lim X . 2

x=0 sin(ij lo (14—5] (4] )lg% 3x)

AERIEC ®
R| x | (x
R 4 _2 H _2
5 911] 9
o e* -1 17. @ Letf(x)=[x]+|1-x], —1<x<3
X X 4k where [x] = greatest integer function.

_ lim fis not continuous atx =0, 1,2, 3

x>0 sin X log (1 + 5) But in statement-2 f(x) is continuous at x = 3.
k 4 Hence, statement-1 is true and 2 is false.

X X
2 il 1 L .
k 4 18. b )= E , which is discontinous at x = 1
on applying limit we get 1
4k=12=k=3 w)= =
— SO T w1y
15. @ Sincef(x) = NLS);_I is which is discontinous atu=-2, 1
(m—x)
Conti _ Whenu=72,thenL:—2:> x:l
ontinuous at x = 7 x—1 2
LHL=RHL="f(n) 1
Let(n —x)=0,0 > 0whenx > n When“=1:thenxT=1=>X=2
lim 2 —cosO -1 Hence given composite function is discontinous at three
00 02

points, x=1, % and 2.

= gim 2287l ] 19. @ fog=/(g(w)=/(1-|x]
00 0 V2 —cosf +1
=—1+[1-|x|-2|
. l—cosO 1
= lim g g (T es0=D =L x| 1) =1 x| +1]
) L Let fog=y
_ 1 fy 25in76/2 2y sin"6/2 o y=—1+| x| +]]
2 00 02 2 600 @2
Ve _=1+x+1, x20
VT l-x+1, x<0
1 . sinx
= — |+ lim——-=1 _|x, x=20
4 x—>0 X = y= —x, x<0
9] 2 .
i - == LHL at (x=0)= lim (—x) =0
16. (b) Given that f[z 5 ( ) x—>0( )
. 1—-cos3x 2 ) RHLat(x:O):;}I—rﬂ)(x):O
limf| ————| = lmk—J
x>0 X2 x>0\ 1—cos3x When x=0, theny=0
Hence, LHL at (x=0)=RHL at (x =0)
. 2 (ngi\ =value of y at (x=0)
_ )1(13}) x| = 1 lim| 4—2 Hence y is continuous at x = 0.
2sin Y 2 x>0 sin2 3x Clearly at all other point y continuous. Therefore, the set
2 of all points where fog is discontinuous is an empty set.
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2x -1 2. ® LHL=1
20. @ Let f(x)= [x]cos( 5 ) (a1 x=0) ey 7@
We know that [x] is discontinuous at all integral points _ . sin{(p+1)(=h)}—sinh _
and cos x is continuous at xe R. B ;}1_1,% —h =prltl=p+2
So,checkatx=n,n el )
2r—1 R'H,'({J = 11n01+ f(x)
LHL= lim [x]cos( 5 jn (atx=0) x>
Hnl (2;1—1) . I e LR S L U
=(n-1)cos S )= ey 3 S s 1412
(" [x] is the greatest integer function) f(0)=2
) 2x—1 Given that f(x) is continuous at x =0
RHL= lim [x]cos( jn
xont 2 Cpt2=g= l
-1 SPTETAT
=1cos =0
2 __ 3.1
Now, value of the function at x = n is =P=T547y
S(m)=0 1

21.

22.

23.

Get More Learning Materials Here: &

Since, LH.L=R.H.L.=f(n)

o f(x)=[x] cos ( al

2 < f(x)<6—x
[x]

j is continuous for every real x.

(d) Consider

lim  f(x)=2

x—27

[By Sandwich theorem]

lim V6—x=2

x—2"

lim =1

N
Wt [x]

s

Hence by Sandwich theorem lim f(x) does not exists.
x—2

Therefore f'is not continuous at x = 2. Thus statement-1
is true but statement-2 is not true

d) Statement - 1 is true.

It is the definition of continuity.

Statement - 2 is false.

in(1/x),x#0
(¢) Giventhat f(x)= {xsm( X

0 ,x=0

Atx=0

2 (1)
LHL= lim <—Asin| ——

h—0" h
= 0 x a finite quantity between — 1
and 1=0

. !
RHL= lim Asin —=0

h0" h
Also, f(0)=0

Thus LHL=RHL= £/(0)
- f (x) is continuous on R.
but £, (x) is not continuous at x = 0

25.

26.

27.

2
®) Given, f(x)=—--— is continuous at x =0
X e x

liml— 2
= f(o)_)HOx ¥ 1

.. Applying, L'Hospital rule
Differentiate two times, we get

4%
0) = lim
SO =% 2(xe? 2+ ¥ 1)+ e 2

2x
de [9 form}
0

= lim
x>0 4xe?® +2¢%* +2%F

: 4e™ 4.¢°
04(xe™ +e™)  40+e0)

1-t b4
(¢) Given that f(x)= anr is continuous in | 0s _}
4x—m 2
f(Ej = lim f(x)= lim f(x)
4 T nt
x—>— x>

4

i 0= {5+

x—>—
4
l—tan(%-rh] _l+tanh
= lim >0 _ fjy L tant
h—0 h—0 4h

4(£+h]—1t
4

-2 tanh -2 1 . tan©
=—=—-— |~lim =1

im .
h—0l—tanh 4h 4 2 -0 @
() Let a is a rational number other than 0, in [-5, 5],
then f(a)=aand lim f(x)=—a
X—a

. x—>a and x —> a" is tends to irrational number
.. f(x) is discontinuous at any rational number
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If a isirrational number, then

f(@)=-aand lim f(x)=a

and also f"(x)>4

S SOSD sy pisys 124 £12)

.. f(x) isnot continuous at any irrational number. For x=0, 5-2

lim /(x)=/(0)=0

.. f(x) is continuous at x =0

. )

f(x)=max.{x, xz}
x2, x<0
= f(x)=¢x, 0<x<l
x2, x>1

.. f(x) is not differentiable atx=0, 1

29. (@) f(x)isdifferentiable then, f(x) is also continuous.

L lim f(x) = lim_f(x) = /(%)

X—>T X—T
=>-1=-K, =K, =1
2K(x-m) : x<m

-K,sinx x>m

S ) ={

Then, lim f(x)= lim f(x)=0
xont xon
2K, ; X<m
-K,cosx ; x>m

S ') ={

Then, lim+ S(x)=lim f(x)

XD XD

=2K, =K, =K =%
1
So, (K|, K}) = [E’ 1]
30. () Letf betwice differentiable function
=1

_I®-/@
3

= f(5)23+1(2)

= f(5)23+8= f(5) =11

Get More Learning Materials Here: &

= f'5)=17
Hence, f(5)+ f'(5)>28
31. (10.00)

fx+»)=f@)+f()+0° +x7y
Differentiate w.r.t. x :

f'x+p)=f'(x)+0+y" +2xp

Puty=-x
fO) =) +x? -2 )
lim&:1:>f(0):0
x>0 X
= f0)=1 i)

From equations (i) and (ii),
[ = +)= f'3)=10.

—x—1
2

s x< -1

32. @ f(x)= %Han*‘x, ~1<x<1

1
—(x-1), x>1
2( )

(-1,0) (0,0)] (1,0)

’

Y

It is clear from above graph that,
f(x) is discontinuous at x = 1.

i.e. continuous on R — {1}

f(x) is non-differentiable at x=—1, 1

i.e. differentiable on R — {—1, 1}.
sin(a +2)x +sinx

33. (¢) LHL= lim
x—0 X

= gim | SP@EDXN oy i S0E s
=0\ (a+2)x x>0 X

mM-323

@ www.studentbro.in



Get More Learning Materials Here: &

EBD_83

m-324  Mathematics |
f(0)=b : .
.  Lim f(0=h) = ;.. Si0(p+D(=h)+sin(-h)
\ f0)= 55 /070 Lim =
 lim (1+3h)3 -1 1 i O sink
h—0 h = Lim[_sm(p Dk sin }
h—0 —h h
Function f{x) is continuous Lim sin(p+1)h <(p+1)+ Lim sinh
limi f(x)= lim+ f(x) = £(0) " h>0 h(p+1) h—0 h
x>0 x>0 =(p+D)+1=p+2 (2)
Sooat3=1= a=-2
_ : Ni2 +h—=Jn
and b=1 Andf(0)= ﬁi}n(l) fO+h)= ~—57——
Hence, a +2b=0 h

34. (a) Itis given that functions f'and g are differentiable

and fog is identity function.

(fog)x)=x = f(gx))=x
Differentiating both sides, we get
S'(gx)-g'x)=1
Now, put x = g, then
Sf'(ga)-g@=1
f'b)-5=1

1
f(b)= 3

(Bonus) For a constant function f{x), option (1), (3) and
(4) doesn’t hold and by LMVT theorem, option (2) is
incorrect.

(@ From, LMVT forx e [-7,—1]

f(_l)_f(_7) <2 = f(_1)+3<2 3f(—1)£9
(-1+7) 6
From, LMVT for x € [-7, 0]

SO-/n ,
0+7)

f(0)+3
7

3s.

36.

<2 = f0)<11

F(0)+A-1)<20
(©) f(x)is non differentiableatx=1,3, 5
[ |x—3]is not differentiable at x = 3]
Z fifx))=AA1) +AA3) +AA5))
=1+1+1=3

37.

sin(p +1)x +sin x < <0
X

(© /™= q

Vx? +x —+/x
3
x2

Therefore, f(0)=£(0)=£(0) ..(1)

38. x = 0is continuous at x=0

x>0

39.

40.

1

NGE [VA+1-1]

_ h—>0 1
B h| h?

Ahr1-1 Vhri+l o -l
= Lim X — Lim
h—0 h Jh+1+1  B>0h(h+1+1)
Lime—b 11
0N R+I+D 141 2 ~(3)
Now, from equation (1),
1
JO)=fO)=/O)=pt+2=9=7
P EX
:>q—§andp—7 (g = )

®) f(x)=In(sinx), g(x)=sin"(e*)

= f(g(x))=In (sin (sin'e™))=—x

= f(gx)=-a

But given that (fog) (o) =b

o —a=bandf‘(g(w)=a,ie,a=—1
Lal-bo—a=-o*t+ta?—(-1)

=ao’—ba—a=1.

© g'0)= lim g(x)—g(c)

X—>c X—C

PACIPAG)

=g (¢)= lim === —

X—c
Since, f(c)=0
Then, g'(c)= lim iG]

x—>c X—C

=0 I
ACIH
x—c
=g'()=/()=-f"()
=2f"(c)=0=f"(c)=0
Hence, g (x) is differentiable if f '(c) =0

if£(x)>0

and g'(c)= me iff(x)< 0
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41.

42,

43.

44.

Get More Learning Materials Here: &

(@ Since, f{x)=15—|(10 —x)|

cogx)=1(fx))=15-|10—-[15—-|10—x]]|

=15—|10—x|-5]

. Then, the points where function g(x) is Non-

differentiable are

10—x=0and |[10-x|=5

=>x=10andx—-10=+£5

=>x=10andx=15,5

@ Letg()=/(f(f(x))+ ()

Differentiating both sides w.r.t. x, we get

&' @)= (fX))f(x)+2f(x)f'(x)

g M=/ UM +2,M)f (M)

=/ LMD +2/(1) (1)

=3x3x3+2x1x3=27+6=33

(®) Since, f(x) =flx)

S

J(x)

= & =dx= /)
S x) S (x)

= Inlflx)|=x+c
flx)==+erte (1)

Since, the given condition

Then,

dx= Idx

A)=2
Fromeq" (1) f{x) = e* "= e‘e*
Then, f(l)=e°-¢'
= 2=e¢"-e
2
= —=¢
e

Then, from eq" (1)
2.
fo="=

2,
= f=7¢

Now A(x) =f{f(x))
= HE@)=/(x) /)

7 4 4 2 2 2
H()=["Q2)-f ()= e -—re=de

-1, -2<x<0
)=
@ A0 -1, 0<x<2
-1, —2<|x|<0
Then, f{|x))=
A Ix? -1, 0<|x|<2

= flik)=x"-1,-2=<x<2

45.

46.

M-325
o 1+x% -1, 2<x<
= gx)=
(=D +|x* =1, 0<x<2
x2, -2<x<0
= 0, 0<x<l1
2(x*-1), 1<x<2

g0)=0,¢'0)=0,g'(1)=0,g(1")=4
= g(x)is non-differentiable at x = 1
= g(x)is not differentiable at one point.

() Consider the equation,
xlog, (log, x)—x*+y*=4

Differentiate both sides w.r.t. x,

dy
log,(log, x)+x - —2x4+2y— _
g(log, x) x-log, x ydx 0
1 dy
log . (lo + —2x+2y— =
g.(log, x) fog, x X+2y-=0 (1)

Whenx=e,y= /44,2 Putthesevaluesin (1),

0+1-2e+ 24+ L _g
dx

dy 2e—1
dx N4+

@ f(x)=sin|x|— x|+ 2(x—m) cos |x|

There are two cases,

Case (1),x>0

f(x)=sinx—x+2(x—m)cosx
f'(x)=cosx—1+2(1-0)cosx—2sin (x—T)
f'(x)=3cosx—2(x—m)sinx—1

Then, function f{x) is differentiable for all x>0
Case (2)x<0
fix)=—sinx+x+2(x—m)cosx
f'(x)=—cosx+1-2(x—m)sinx +2cosx
f'(x)=cosx+1-2(x—m)sinx

Then, function f{(x) is differentiable for all x <0
Now check forx=0

f/(0OHRHD.=3-1=2
f/(O)LHD.=1+1=2

LHD.=RHD.

Then, function f{x) is differentiable for x = 0. So it is
differentiable everywhere

Hence, k= ¢
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2 ~h ;
o o Givenf(x)_{maxﬂx,x Vo |x|<2 LHD.— fim |-h-m|(¢ ‘_—hl)sm|—h\—o:0
8—-2]x| 2<|x|<4 h—0
Ya .. RHD=LHD
., , Therefore, function is differentiable.
A A N A atx=0.
M=k Since, the function f(x) is differentiable at all the points
R\ % including mand 0.
et >X i.e., f{x) is every where differentiable .
42 A b2 4 Therefore, there is no element in the set S.
= S = ¢ (an empty set)
50. (@) S={(,p) eRxR:ft)=(Ne—p)sin2lt]),zeR

48.

49.

Get More Learning Materials Here: &

* flx) is not differentiable at—2, -1, 0, 1 and 2.
5 S=1{-2,-1,0,1,2}
(¢) Consider the function

f(x)=max{—|x|,—M}

Now, the graph of the function

y

NG
From the graph, it is clear that f{x) is not differentiable at x SL
L
R

Then, K= {—L’ 0, L}
’ V272
Hence, K has exactly three elements.
@ f(x)=/x—n|EX-1)sin|x|
Check differentiability of f(x) at x =mand x =0

atx=T:

RHD. = lim |7+h—7|(*M=1)sin|n+h|-0
h—0 h

|m—h-n|E™ "~ 1sin|n-h|-0
—h -

LH.D= lim
h—0

~* RHD=LHD
Therefore, function is differentiable at x =7
atx=0:

0

RHD.— lim |h—7|(eM—1)sin|h|-0
o0 h

0

J@)=(Mel'l=p sin (21t))

- (A€ —p)sin 2¢,
(A]e™ —p) (—sin2¢), <0

t>0

(A le")sin 2t + (A |e — ) (2cos 21), t>0
! =
S [X|e ' sin2t+(|A]e’ —p) (—2cos2f),t<0
As, f(¢) is differentiable
-.LHD=RHD at=0
= [A].sin2(0)+ (Me®— )2 cos (0)
=|Ale0 . sin 2 (0)—2 cos (0) (|Ale O—p)

= 0+ (A-w2=0-2(A-w
= 4(M-w=0
= PM=n

So,S=(A, W={AeR&pne[0,)}
Therefore set S is subset of R x [0, )

- x<1

a+cos_1(x+b) 1<x<2

@ f»= {

f(x) is continuous

lim f(¥)= lim a+cos (x+b)=f(x)
x—1" x—1t

= —l=a+cos' (1 +b)
cos'(l+b)=—1-a
f(x)is differentiate

= LHD=RHD

=

-1

J1-(1+b)?

= 1-(1+b’=1 = b=-1
From (a) = cos (0)=—1—a

_1=

LT
73

@ www.studentbro.in



Continuity and Differentiability M-327

52. (c) Sinceg (x)isdifferentiable, it will be continuousatx =3

1
x2 sin—, x#0

* lim = lim =

Jm g(x) . g(x) 2(x) . x L
2k=3m+2 ) ’ T
Also g(x) is differentiable at x =0 For g(x)
© lim g'(x)= 1 !

o g(x) = lim g'x) LHL= lim {—}ﬂ sin[l)}

h—0" h

Kk _ m = 0? x a finite quantity between —1 and 1 =0

243+1
1
k=4m -2) RHL = lim h* sin(zj =0
Solving (1) and (2), we get h=0
Also g(0) =0
m= 2’ k= 8 .. g(x) is continuous at x =0
5 5
-2, x-
k+m=2 55. (c) f(x):|x—2|:{; x
53. ) Let|f(x)|<x’ vxeR T rTes
Now, atx =0, | f(0)| <0 -2 | 2
=/(0)=0 “laox . x<2
SW-fO) . f(h) L
L f = lim = lim Similarly,
A =0  h-0 =0 h - Y
f( ) | 5| {x—S , x25
h x)=|x-5|=

NOW, ‘% S|h| ( |f(x)\£x2) 5-x N x<5

, S (x)=|x=2]+[x—5]
= —ne LB g
h ={x-2+5-x=3,2<x<5}

- limM—>0 0 Thus{(x)_3,2§x£5
h—0 f'(x)=0,2<x<5
(using sandwich Theorem) f@=0
. from (1) and (2), we get /'(0) =0, -+ Statement-1 is true
i.e. — f (x) is differentiable, at x = 0
Since, differentiability = Continutity Y

L)) < X%, for all x R is continuous as well as
differentiable at x = 0.

(1
54, @) f(r)= xsm[;j,x:to - —x
0, x=0
and g(x) = x f (x) Since f(x) =3, 2 <x <5 is constant function.
For f(x) So, it continuous in 2, 5 and differentiable in (2, 5)
. = + — =

LHL= lim {-A sin(—lj f(2) 0+[2-5]=3 .

N h and f(5)=5—2|+ 0 =3 statement-2 is also true.
=0 x a finite quantity between —1 and 1 = 0 56. (d) [sin x| and e are not differentiable at x = 0 and |x*

. is differentiable at x = 0.

RHL = lim hsinz =0 .. for f'(x) to be differentiable at x = 0, we must have

h—0*

a =20, b= 0 and c is any real number.
57. ® Given x+|y|=2y

= xty=2yorx—-y=2yp

= x=yorx=3y

Also, £(0)=0
Thus LHL = RHL = f{0)
.. f(x) is continuous at x = 0
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58.

59.
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This represent a straight line which passes through origin.
Hence, x + |y | =2y is continuous at x = 0.

Now, we check differentiability at x =0
xt|y|=2y=>x+y=2y,y>0

x=y=2y, y<0

X, y<0
Thus, f(x)= y y20

Now, LHD.= lim w

h—0" —h
lim m -1
- h—0" -
+h)—
RHD= lim M
h—0"
x+h X
= lim 3 3 = lim l — l
N h hot3 3

Since, LH.D # R.H.D. atx=0
.. given function is not differentiable at x =0
2 2
(@ lim XS(@=d /()
X—a x—a

Applying L-Hospital rule

. 2 _ 2
- lim DTS o) -a? i@

Xx—a 1
(x—1) in(Lj ifx #1
© Giventhat, f(x)=1 ™5 )"*
0 ,ifx=1
Atx=1
RHD. = [im L4+ D
h—0 h
hsinlfo 1
= lim = lim sin— = a finite number
h—0 h h—»0 h

Let this finite number be /

f-h)-£()

LHD.=li
h—0 ~h
()
—hsin| —
= lim W gim sin(Lj
h—0 -h h—0  \ -

1
= —lim sin[—] =_ i =_
Jm b (a finite number) =—/

Thus RHD # LHD
.. fis not differentiable at x = 1

60.

61.

62.

63.

Atx=0 {'(0)=sin L Sl cos(Lj
GD o1 x-1)]

=-sin 1 +cos 1
.. fisdifferentiable atx =0
@ f(x)=min{x+1,|x|+1}
= f(x)=x+1V x€R

Y

y=-x+1 y=x+1

©,1

(-1,0)

Since f(x) =x + 1 is polynomial function
Hence, f'(x) is differentiable everywhere for all x € R.

X

- X

, x<0

© f=

, x>0
1+ x

fx) = ﬁ is not define at x # 1 but here x <0 and f'(x)

X
= Tox is not define at x =—1 but here x > 0. So, f'(x) is

continuous for x € R.

X

m, x<0

and f'(x)=

—, X >0
1+x)

f'(x) exist at everywhere.

(®) Giventhat|[f(x)—f()|< (x—y)’, x, y € R...(i) and
f(0)=0

o) = tim LD
70 1= i | DI ¢ »
h—0 h Ch—>0|

= |f(x)]<0 = fi(x)=0
= f(x)=constant

As f(0)=0

= f(1)=0.

A+ =1
M) = lim —————~=

© S = lim S =

Given that function is differentiable so it is continuous

also

EBD_83
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and lim pAGL)] =5andhencef(1)=0
h—0

. 1+h
Hence, f'(1) = hlino% =5

(1 1)
64. (© Giventhat f(0)=0: f(x)=xe M

RHL.= lim 0+ h)e” 2/ = fim

h—0 e
l_l)

therefore, f(x) is continuous at x = 0.

=0

LHL. = lim (0- h)e ( =0
h—0

O+h)e (l+lj -0
Now,RHD= [im —————
h—0 h

=0

(4
(0 h)e -0

lHo —h

therefore, L.H.D. # R.H.D.

f(x) is not differentiable at x = 0.

2 —
65. Letuztan_l{wj

LHD.= =1

X

Put x=tan0= 0 =tan"' x

Tdx 2 (1+xY)

=

1-2x°

Let v=tan™' [

Put x=sin¢ = ¢ =sin"' x

v tan~! [2sin¢cos¢

-l
0520 J—tan (tan 2¢)

=20= 2sin”' x

v,
dx 1-x

du _duldx _ N1-x

dv  dvidx 4(1+x%)

fdue) 33
(dv][;] 10

2
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66. (©) (a+~/2bcosx)(a—~2bcos y)=a* -b*
Differentiating both sides,

(—\/Eb sinx)(a — \2bcos y)+(a+ V2bcos X)
(2bsin y) % =0

N dy _ (\/Eb sinx)(a —2bcos y)
dx  (a+~2bcosx)(+/2bsin y)

[ﬂ}( _a—b:dx a+b

dx Eﬁj_a+b dy a-b

4’4
6
113 4
=3 keos 1= coskx ——sin kx
67. (91) Y kZ:‘,I {5 S }
L a=3 dsi a=2
et cos 5 and sin 5

6
Ly= Zk cos”! {cos a cos kx —sin a sin kx}
k=1
6

z kcos™ (cos(kx +a))
k=1

(=

= k(kx+a)= Z(k2x+ak)
k=1 k=1
LAy g2 6(D03) _
..dx_;k == =91.

68. (Bonus) It is given that
X =2sin0 —sin20
y =2co0s0 — cos20
Differentiating (i) w.r.t. 0, we get

& =2cos0—2co0s20

do

Differentiating (ii) w.r.t. 0; we get
L4 =-2sin0+2sin 20

do

From (ii) + (i), we get

Q_ sin26 —sin O
dx cosO—cos20

s 0 30
smg.cos— 39

=cot—
2 smg smﬁ 2
2 2

Again, differentiating eqn. (iii), we get

2
d’y 3. ..230d0
a2 2 dx

M-329

()
(i)

..(iii)
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, icosecz 30 Putting y =1 and x= 0 in (ii),
dy 2 2 dy _ dy 1
— =t £ e 40+1=0= —=——
dx?  2(cos®—cos20) dx de e

cy 3 3
d?0=m) 4-1-1) 8

cosa

2sina
+

69. @ ()= i
@ ool sinacosa  sin? g

- 2
coso.  sino _\/ 2cos”a " 1

:\/2cota+cosec2a :\/2c0ta+1+c0t2a

3n
=|[l+cotaj=—1-cota {-'QE(TJH

Y _ cosec? @Y
da—cosec a = (dcx azsi—4
6

1 -1 -1
70. () Given, X=an=7 = xy:?
1'(72)‘) +yr 1_x2

YV
241-x2
= —{1 Al=2 +—x.(—2y) y}

21—

xy 2 2wy
= - ,—1_x2 +YNI=x" ==1-y" + ,—l_yz

= yl 1— 2 Xy _ Xy _yZ
1-y? 1-x?
¥ 3,1 -1 A5
= —_— . Sl
2 4
g M3 | g 3
4 2
N [N4541)  (1++/45)
s NG
A5
Y T
71. () Given,etxy=e ..(0)
Putting x=01n (i), = e=e=>y=1

On differentiating (i) w. . to x

dy dy
—+x—=—+y=0 _ (i
e’ e X dx y .(11)

Get More Learning Materials Here: &

72.

73.

On differentiating (i) w. . tox,

2 2
eyd_y_;,_d_yey_dy xd_y_;,_ﬂ.:,_ﬂzo

e’ =+
&2 dx dx g dx odx -
Putti =1,x=0 dﬂ——l'
utting y=1,x =0 an e P in (iii),
d*y L2 d*y 1
= 24 =0 - =
> e e dx? e?
d d’y| (11
Hence, dx’ dx2 e 62

(tanx—lj
@ fe)=tan'\ tanx+1

cle(i) )

_ TC_ _ _TC
So.f(¥)="{37*|T¥"
Lety= =f(y)= 2y—§

a»y

Now, differentiate w.r.t. y, Ay 2.

1.
——Cosx+—sinx
cot™ 2 2

(none) 2y= 1 B
—Cosx———sinx
2 2
2
b4
cos[g—xj
= o= cot | —2 /
Y sin(E—xJ
6
2
= | cot ! cot E—x e E—xe -,
= 2y— 6 . 6 396
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74. () fix)=min{sinx, cosx}
y=sinx

l\y

LR L EE L LN

f"'(x)= 6:>f"7(3) :6
f) =2+ 2+ " Q) x+£7(3)
f(H=a=3+2a+b=a=a+b=-3

also f"(2)=b=12+2a=b=2a-b=—12

> and f"(3)=c=c=6

DR R LI R I
P R L

TR L

y=cosx

3t

fx) is not differentiable at x = 22

s
S=174%

o momin
= S\ a4

75. (a) Consider the equation,
(2x)¥ =4e> %
Taking log on both sides
2y In(2x) =1n4 + (2x—2y) ...(1)
Differentiating both sides w.r.t. x,

2y 2men P 042-2Y
2x dx dx

2P (1@ 2= 22220
dx X

X
From (1) and (2),

1
Y (1410 20) =1——[
dx

1+1n2x

In2+x
X

+In2
= (1+1n2x)2%=1+ln(2x)—(x n)
X

_ xIn(2x)—1In2
X
76. (¢) Letflx)=x*+ax*+bx+c

F)=32+2ax+b=f"(1)=3+2a+b

f"(x)=6x+2a=f"2)=12+2a

Get More Learning Materials Here: &

Add(1)and (2)
3a=-15=a=-5=b=2

= flo)=x-5x+2x+6
= f2)=8-20+4+6=-2

dx
77. ®) - x=3tant=> o 3 sec’t

dy
and y=3sect= o 3 sect - tant

dy dyldt dy tanr

dx  dxldt T dx sect

Sy 4
ar i SO
—=COSt- 3
3sec”t
2 3
_;/(at = E] l(LJ
dx 4) 31\2
L
T2
dx 1 1
78. () Here, — = ——=2"%"" log 2.
24 ’Zcosecflf
dy 1 sec—1 1
R S AL 1% J S
dt 24 '255071" X ﬂxz _1
@ 1y sec™ 1t
d_y B ﬁ 3 _ 2COS€C ZSCC
dx Tdx ~ly cosec 1t
“r 2sec 2
dt \/
dy
dy B E B zsec—lt oy
E - E - 2cosec—1, - 7
dt

mM-331

(1)

-2)

-1

x\/x2 -1
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cosx x 1
79. @ f(x)=|2sinx xr 2x

tanx x 1

= cos x (x2 —2x2) —x (2 sin x — 2x tan x)

+1(2x sin x —x2 tan x)

=_x2 cosx — 2x sin x + 2x2 tan x + 2x sin x — x2 tan x

=x2tanx—x2cosx =x2 (tan x — cos x)
= f'(x)=2x (tan x — cos x) + x% (sec? x + sin x)
!
. X
lim —f ) _
x—0 X

lim 2x (tan x — cos x) + x* (sec2 X +sin x)

x—0 x
= ,}13}) (tan x — cos x) + x (sec? x + sin x)
=2(0-1)+0=-2
So, lim %) —_»
=0  x

80. (a) Since f(x)=sin”' [2X3 ]
1+9*

Suppose 3* =tan ¢

= f(x)=sin"! [ 2tan2t ] =sin~! (sin 2¢) =2¢
1+tan”¢
=2tan"! (3x)
So, ' (x)= 2 5>x3".log, 3
1+@39

= 3><10gex/§

81. (@ Given,x2+)2+siny=4

1
= —x+3xlog,3
2 e

After differentiating the above equation w. r. t. x we get

2x+2yd—y+cosyd—y:0 (1)
dx dx

32x+(2y+cosy)ﬂz0
dx

d_y_ —2x
dx 2y+cosy
At(=2,0), (d_y) :ﬂ
dx (=2,0) 2x0+cos0

()
= — =—
dx (-2,0) 0+1
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82.

83.

dy)
=\ =4 e
(dx (-2,0) &

Again differentiating equation (1) w. r. t to x, we get

2 2 2 2
2+2(ﬂj +2yd—{—siny[d—yJ +cosyd—§)=0
dx dx dx dx

dy\’ d?
:2+(2—siny)(—yj +(2y+cosy) =2 =0
dx dx

d’y . dy ’
= 2y+ —— =_2_(2- =z
(2y +cos y) P ( Smy)( o

2
—2—(2—siny)(%]
X

2y+4cosy

dzy B
e
So, at (-2, 0),

d’y -2-(2-0)x4’
dx? 2x0+1

2
:d y27272><16

dx? 1
2
= d—zy =34
dx
., 6x/x 0 1
®) LetF(x)=tan —ox3 wherex € 1)

1 —2'(3X3/2) 12,32
=tan 1—(3X3/2)2 =2tan " (3x7°)

As3x? e (0,5)

'.'0<x<l:>0<x3/2<l:>0<3x3/2<E
4 8 8

1 9
OdF(X):zx 3><3><§><x1/2: 3\/;
dx 1+9x 2 1+9x
On comparing
CEOT08

@ gX=ffx)

In the neighbourhood of x =0,

f(x)= |log2—sin x| = (log 2 — sin x)

- g(x)=|log2—sin|log2—sin x|
=(log 2 —sin(log 2 — sin x))

. g (x)is differentiable

and g'(x) =— cos(log 2 —sin x) (— cos x)

= g'(0)=cos (log 2)
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84. (© f()=y=x*-x+5

1
X—x+ ———+5 =y

85. (@ Lety=sec(tan'x) =sec (sec71\11 + xzj

= V= 1+x2
A S
dx  2\1+x7
At x=1,
y_ 1
dx 2
2 2
86. by 40 1 o X, D
o 4 o 4 dx
dy —4x
= dx oy
Feler = 32 P o6 » D16
dx dx 3y2
Since curves intersects at right angles
- _4x><1—62:—1 = 30y’ =64x
oy 3y
o 64x 4
= 7 3xl6x 3

Get More Learning Materials Here :

1
@d Let x=vVa™ !
-
x2= aSll’l t
2logx=sin"'¢.loga

Uy

N 2 _ loga dt
X /1_t2.dx

241-12 _dr
xloga T dx

(1)

-1
cos 't
a

Now, let y =
= 2logy=cos'tloga

= —_ = —

= T o= X (from (1)

- ——=-=

2 N2 2 2
Hence,l+(ﬂj :1+[—yj Xty

—X

®) Let y=—
x°+2x

(2 +2x)y=x>—x
x(x+2)y=x(x—1)
x(x+2)y-(x-1)]=0

x#0, . (x+2)y—(x-1)=0
xy+2y—-x+1=0
xy-D=-2y+1)

2y+1 2x+1
x=———=f ()—

1=y
di(f—l(x)) — ( _x)_(2x2+ 1)(_1)
x (1-x)

2 2x+2x+1 3
a- x) (1 x)

(¢) Letf'(x)=sin[logx]and y:f[
f(2x+3] i[2x+3)
Now, ¢ dx 3-2x/ dx\3-2x

S EERER

3-2x (3-2x)°

12 { (2x+3ﬂ
=———sin log
(3-2x) 3-2x

Uyl

Ul

2x+3)
3-2x
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90. (a) Given thatg(x)=[f 2f(x))+2] o0
y 93. (¢) Giventhat x=e"*¢ = x= et
') =2(f2f(x)+ 2))(d_(f(2f(x) + 2))} Taking log both sides.
x
X o N log x =y + x differentiating both side = L & +1
=2f2f(0)+2) /' 2f(x))+2).(2/'(x) ) x dx
y 1 1-x
(0) = ! L= —=
= g(0)=2/Qf(0)+2./2f(0)+2) =ml=—
2/(0)=4£(0)(f'(0)> =4(-1)(1)*=—4 9. B f(x)=ax’+bric
91. @ x¥-2xcoty—1=0 D= f-1
= 2coty=x"—x* JW=7E0
Letu=x" =a+b+c=a-b+corb=0
1 S f(x)= ax? +cor fi(x)=2ax
= 2coty=u-— "
Differentiating both sides with respect to x, we get Now f(a); /() and f'(c)
are 2a(a);2a(b);2a(c)
- 2coseczy ﬂ = (1 + ] du i.e.2d% 2ab, 2ac.
dx dx = If a,b,c arein A.P.then f'(a); f'(b) and f'(c) are
Now u = x* Taking log both sides alsoin A.P.
= logu=xlogx 95. (o) Giventhat f(x+y)=f(x)x f(y)
1\ du Differentiate with respect to x, treating y as constant
=y a T 1@ = £ @)
du Puttingx=0and y=x, we getf '(x)=71"(0) f(x) ;
= E:xx(lvhlogx) 3f’(5)23f(5):3><2:6
. We get 96. () Let f:R —>R, withf(0)=f(1)=0andf'(0)=0
, dy e -+ f(x) is differentiable and continuous and
— 2 cosec” y o 1+ x")x" (1+logx) F(0)=/(1)=0.
_ Then by Rolle's theorem, f'(c)=0, c €(0, 1)
X X 1 l
dy:(x o )( : 0g) 0 Now again
d 2lkcot®y) [ =0, 1(0)=0
Putz=1in eqn. x> — 2x* cot y — 1 =0, gives Then, again by Rolle's theorem,
1-2coty—1=0 f"(x)=0 for some x (0, 1)
= coty=0 5 )
.. Putting x=1 and cot y = 0 in eqn. (i), we get 97. (©) y"+2log,(cosx) =y (1)
L _(1+1)(1+0)_ | =2yy'-2tanx=y' (i)
=0 T From (i), (0)=0or 1
y'(©0)=0
92. m n — m+n
@ . Xy= + Y) Again differentiating (ii) we get,
taking log both sides 5 R
= mlax+nlny=(m+n)in(x+y) 20" +2yp"-2sec” x = y"
Differentiating both sides, we get Putx=0,y(0)=0, 1 and y'(0)=0,
we get, " (0)]=2.
98. (b) Since, Rolle’s theorem is applicable

ﬂ+£d_y:m_+”[1+@j
X yde x+y dx

(m m+n) (m+n n\dy
= Lx x+y) Lx+y v/ dx
my — nx (my nx\dy
= x(x+y) ky(x+y) dx
@ _y
dx x
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- fa)=£b)
fB)=f4) = a=12

2
f=—512

x(x +12)
As f'(c) =0 (by Rolle’s theorem)
y 1

N N R
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99. (o) k.xk_l-i—k.yk_l%:o = f"(x)=6ax+2b
= f(3x)=/"(x)f"(x)
d k-1
= 2= = 27a=184"
dx y .
= a=>,b=0,c=0,d=0
dy S 5
= d—+ — _0 5
o = f(x)=5x3,
1
= k-l=—-
3 f’(X):%Xz, £1(x) =9x
= k:l_l:% - f/(2)=18
33 and £ (2)=18
100. (b) Since, f(x) is a polynomial function. — £ (b)—f (b)=0

It is continuous and differentiable in [0, 1]

Here, f(0)=11,1)=1—4+8+11=16 103. @ y:{x+ /x2_1}15+{x_ /x—z_l}‘5

S (x)=3x*-8x+8
- £0) 16-11 Differentiate w.r.t. 'x'
,C — —
flo=2= : N .
=3c?-8c+8 E=15(x+\/x —1) 1+
= 3c¢2-8c+3=0

L 8ENT 4T

=

14( 3
= +15 x—\sz—l) 1-—=
6 3 2
x“ =1
_4=47 d 15
c=—5 <O - d_i: —y (i)
-1
101. (b) y1/5+y’1/5:2x o
2 . dy
L 45 1 _¢5)d = Vx -1.=—=15
= [gy /—gy / d_izz a7
Again differentiating both sides w.r.t. x
= (=) =100 x d A’y . d
= .d—y+\/x2—1—§:15d—y
_ X d x
- y1/5+y_1/5=2x x° =1 . X
dy 2 47y
_ hacd et
- y1/5_y1/5: /4X2_4 = xdx+(x )dx2
1
= y'(Z 2—1):10y PN R .y =225y
\/x2—1
) > o 2x . 104. (o) Conduction for Rolls theorem
= y (2 X —1)+y2 > :IOy f(l):f(_])
24x° -1
1
d f'l=|=0
=y Dy =5\ -1 () w1 (3
= e -n+n 25y =0 c=—2andb:%
A=1k=-25 2b+c=-1

105. () Since, fand g both are continuous function on [0, 1]
and differentiable on (0, 1) then 3¢ €(0,1) such that

= f(3x)=27ax> +9bx? +3cx+d o= f(l)—1 1) _ % 4

102. ) Let f(x)=ax> +bx* +cx+d

= f'(x)=3ax2 +2bx+c
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g)-g(0) _2-0_,
1 1
Thus, we get  f'(c) =2g'(¢c)

106. (c¢) Let f(x) = x|x| = x|x|, g(x) = sin x
and & (x) = gof (x) = gl (x)]

sin x2 , x=0
h(x) = 2

—sinx“, x<0

and g'(c) =

2xcosx2, x20

—2xcosx2, x<0

Now, /' (x) = {

Since, L.H.L and R.H.L at x = 0 of 4’ (x) is equal to 0

therefore 4’ (x) is continuous at x = 0
Now, suppose /' (x) is differentiable

2(cosx2 + 2x2(—sin xz), x>0
SoR(x) =

2(—cosx2 +2x7sin xz), x<0

Since, L.H.L and R.H.L at x = 0 of 4" (x) are different

therefore A" (x) is not continuous.
= h"(x) is not differentiable
= our assumption is wrong
Hence /4'(x) is not differentiable at x = 0.
107. (@ Let p,(x) = a1x2 +bx +c
Pyx) = @ + by + c,
and p,(x) = a3x2 + bx + ¢

where a,, a,, a;, b,, b,, b, ¢, c,, ¢ are real numbers.

3
alx2 +hx+c  2ax+b  2q
A(x) = a2x2 +bhx+cy 2ax+by 2a,

a3x2 +byx+c3 2a3x+by 2ay

a1x2 +bhx+¢ a2x2 +byx+cy a3x2 +byx+c3

B(x) =| 2aq1x+H 2apx+by 2a3x+ by
2&11 2[12 2[13
alx2 +bhx+c  2ax+b 24

x a2x2+b2x+cz 2ayx+by 2a,

a3x2+b3x+c3 2a3x+by  2a5

It is clear from the above multiplication, the degree of

determinant of B(x) can not be less than 4.
108. ®) 1 (x)=2x+ ax® + bx
let,a=-1,b=1

Given that f'(x) satisfy Rolle’s theorem in interval [-1, 1]

f(x) must satisfy two conditions.
(1) fa)=£(b)

2)f'"(©)=0 (c should be between a and b)
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 Mathematics
f@y=f)=2(y +a (P +b(1)=2+a+bh
SO =f1) =2 D +a (1P +b (D)

=2+a-b
Sfla)=1b)
2+ta+b=-2+a-b
2b=—-4
b=-2

1
(given that ¢ = 5 )

f'(x)=6x+2ax + b

1
atx:E,f’(x):O

oy ly

—+a+b =
—+a-2 =
a:2—§: 1
22
1
2a+b=2x —

—2=1-2=-1
2

. @ f(x)=sin(sinx)

= f'(x)=cos (sinx) . cosx

= f"(x) =—sin (sin x) . cos® x + cos (sin x). (- sin x)
=—cos® x . sin (sin x) —sin x . cos (sin x)
Now f"(x) +tanx . f'(x)+ g(x)=0

= g(x) = cos’x . sin (sin x) + sin x . cos (sin x)

—tan x . cos x . cos (sin x)

2

= g(x) =cos”x . sin (sin x).

3 2
. (d Let g(x)=%+b.x7+cx

gx)=ax*+bx+c
Given: ax>+ bx+c=0and 2a+3b+6¢c=0
Statement-2:

_2a+3b+6c

() g(0)=0andg(l) = G

b
+—+c¢
2

=0

NS W

= g0)=g)
(if) gis continuous on [0, 1] and differentiable on (0, 1)
.. ByRolle’s theorem 3k €(0,1) such that g'(k)=0

This holds the statement 2. Also, from statement-2,we can
say ax? + bx + ¢ = 0 has at least one root in (0, 1).

Thus statement-1 and 2 both are true and statement-2 is a
correct explanation for statement-1.
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o Pr od(de) dfdar _d 1 & 14 @ Asf(D=-2& f(x) >2V xe[L,6]
- dy_z_d_y dy ) dx\dy |ay dx\dyldx)dy Applying Lagrange’s mean value theorem
6)—f(
A OO - g
_ 1 d’y 1 C\x/ 1
- dy 20t E T ix *_x_z = f(6)=10+£(1)
(5) dx = f6)210-2= f(6) > 8.
5 5. 0 Letf(0)=a,x" +a, x" '+ ..... +ax =0
___ 1 dy The other given equation,
dy 3 dx2 ) 5
E nanxn_ +(l’l*1)an71xn_ +....+a1=0=f'(x)
112. () Giventhatf(x)=x|x|and g (x)=sinx Given g #0 =f(0)=0

So that
gof(x)=g(f(x))=g(x|x|)=sinx|x|

.2
- {sin(—xz), if x<0 {—Slnx , if x<0

.2
sin(xz), if x>0 sinx”, if x>0

—2x cosxz, if x<0
S(gof) (x)=

2xcosx2, if x>0

Here we observe

L(gof)" (0)=0 = R(gof) (0)
= go fis differentiable at x=0
and (gof)' is continuous at x =0

2 2

2cosx? — 4x2 sinx

Now (gof)" (x) = {

Here
L(gof)"(0)=—2and R (gof)" (0)=2
L(gof)" (0) = R(gof)" (0)

= gof(x)is not twice differentiable atx =0.

Statement - 1 is true but statement -2 is false.

113. (¢) Using Lagrange's Mean Value Theorem

Let f(x) be a function defined on [a, b]
then, f'(c) = W (D)
celab]

Given f(x)=log x s 0= %

equation (i) become
1_ /-1
c 3-1
1 log,3—-log,1 log 3
c 2 2
2

log, 3

=

= = c¢=2log,e

Get More Learning Materials Here: &

—2 cosx? +4x? sinxz,x<0

, x>0

116.

117.

Again f(x) hasroota, = f(a)=0

S S0 =f(@)
. ByRolle’s theorem f"'(x) = 0 has root between (0, o)

Hence f'(x) has a positive root smaller than a.

(d) Letus define a function

axS 2

bx
X)=—+—+cx
o) ==+=
Being polynomial, it is continuous and differentiable, also,

7(O)=0and f(y=2+04c
302
2a+3b+6¢

= /()= 5

=0 (given)

= f0)=71)
.. f(x) satisfies all conditions of Rolle’s theorem therefore
f'(x)=0hasarootin (0, 1)

i.e. ax® +bx+c=0 hasat lease one root in 0, 1)

@ Giventhat f(x)=x" = f(1)=1

S +f RORFAC N +(—1)"f"(1)
1! 2! 317 n!
n n(n—l) n(n—l)(n—2)

nn!
TR I 3 +“'+(_1)E

JH-

-1-

="Cy-"C+"Cy ="Cy+...+(-1)""C,

=(1-1y"=0
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i S@2 @ -g@f ') _,
g'(x)—-f'(x)
(ByApplying L’ Hospital rule)

118. ()

L ke@-k W _,

i Sk=4.
x—a g'(x)-f'(x)

119. @ Giventhat y=(x+vI+x>)"  .()

Differentiating both sides w.r. tox
d _ 1 _
RN I U (1+—(1+x2) 2 Zx]
dx 2

[ .2
& = n(x+\/1+x2 )"71 Gl +x)
dx V1+x2

_ n(V1+x% +x)"
\/1+x2

d
or NI+ Ey = ny [from (i)]

Get More Learning Materials Here: & m

120.

= V1+x? y=ny (" y = Z—y ) Squaring both sides,
X

we get (l+x2)y12 = 112y2

Differentiating it w.r. to x,

(1+x2)2y1y2 +y12.2x = }12.2yyl
= (1+x%)y, +axy, =ny

ax®  bx?
(@) L@tf(x)=7+7+cx

= f(0)=0and

1= a+b+c_2a+3b+6c —o
f()—3 Ste= 5 =

Also f'(x) is continuous and differentiable in [0, 1] and [0,

1[. SobyRolle’s theorem, f' (x)=0.

2

i.e ax* + bx + ¢ = 0 has at least one root in

[0, 1.
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